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1 General case
As usual, N := {1, 2, . . . }, R and C are the sets of real and complex
numbers, resp. We denote by λ the Lebesgue measure on Cn, n ∈ N. Given
z ∈ Cn and r > 0, B(z, r) :=
{
z′ ∈ Cn : |z′ − z| < r
}
. For a function
f : B(z, r)→ [−∞,+∞] := {−∞} ∪ R ∪ {+∞}, we set
Bf (z, r) :=
1
λ
(
B(z, r)
)
∫
B(z,r)
f dλ
when this integral there exists. We start from new even for n = 1
Теорема 1. Let D ⊂ Cn be a pseudoconvex domain, z0 ∈ D, and u be a
plurisubharmonic function on D, u(z0) 6= −∞. Then for each number ε > 0
there is a holomorphic function f on D such that f(z0) 6= 0 and
log
∣∣f(z)∣∣ ≤ Bu(z, r) + n log 1
r
+ (n+ ε) log
(
1 + |z|+ r
)
for all z ∈ D and 0 < r < inf
{
|z′ − z| : z′ ∈ Cn \D
}
=: dist (z,C \D).
This Theorem develops and generalizes results of O.V. Epifanov for n = 1
[1; Lemma], our results [2; Lemma 1.1], [3, Main Theorem] etc. The proof
uses the Ho¨rmander–Bombieri method [4; Theorem 4.2.7].
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2 Case n = 1
The symbol C∞ := C ∪ {∞} denotes the Riemann sphere, i. e. the ex-
tended complex plane. Let D be a subdomain of C∞ 6= D everywhere below.
We denote by Hol(D) and sbh(D) the class of holomorphic and subharmonic
functions onD, resp. The class sbh(D) contains the function−∞ : z 7→ −∞,
z ∈ D. Let u ∈ sbh(D) \ {−∞} with the Riesz measure νu hereinafter.
Теорема 2. Let d : D → (0,+∞) be a function such that
0 < d(z) < min
{
dist (z,C \D), 1 + |z|
}
for all z ∈ D,
and this function is locally separated from zero on D, i. e. for each z ∈ D
there is a number rz > 0 such that B(z, rz) ⊂ D and inf
z′∈B(z,rz)
d(z′) > 0. If at
least one of the following three conditions:
1) the closure of D is not equal to C∞;
2) for the Riesz measure νu of u the inequality νu(D) > 1 holds;
3) the domain D is simply connected in C∞ and sup
D
d < +∞ if νu(D) ≤ 1;
is fulfilled, then there is a non-zero function f ∈ Hol(D) such that
log
∣∣f(z)∣∣ ≤ Bu(z, d(z)) + log 1
d(z)
for all z ∈ D.
3 Case D = C
Теорема 3. Let D = C, z0 ∈ D and u(z0) 6= −∞. Then for each number
N ≥ 0 there is an entire function f such that
f(z0) 6= 0 and log
∣∣f(z)∣∣ ≤ Bu
(
z,
(
1 + |z|
)−N)
for all z ∈ C.
The following Theorem 4 is a development of Ho¨rmander’s results [5; 8].
Теорема 4. The following five statements are equivalent:
1) for every number N > 0, there is non-zero entire function f such that
log
∣∣f(z)∣∣ ≤ Bu
(
z,
(
1 + |z|
)−N)
−N log
(
1 + |z|
)
for all z ∈ C;
2
2) for any number N > 0, there are a positive sequence rk −→
k→+∞
+∞, a
constant M > 0, and a non-zero entire function f such that
log max
|z|=rk
∣∣f(z)∣∣ ≤ Bu(0,Mrk)−N log(1 + rk) for all k ∈ N;
3) lim
r→+∞
1
log r
Bu(0, r) = +∞;
4) lim
r→+∞
1
log r
1
2pi
2pi∫
0
u(reiθ) dθ = +∞;
5) νu(C) = +∞.
4 Special case νu(D) < +∞
If the closure of S ⊂ D is a compact subset of D ⊂ C∞, then we write
S ⋐ D. For b ∈ R, we set b+ := max{0, b}. Let n ∈ N. Here we assume that
D ⊂ C∞ is n-connected and νu(D) < +∞.
Теорема 5 ([6; Lemma 2.1]). Suppose that u is harmonic, i. e. νu = 0.
Then there are a number b < n− 1 and a function f ∈ Hol(D) without zeros
such that log
∣∣f(z)∣∣ ≤ h(z) + b+ log(1 + |z|) for all z ∈ D.
Теорема 6. If 0 < νu(D) < +∞, then, for each number ε ∈
(
0, ν(D)
)
, there
are a constant b < n− 1, a subdomain D0 ⋐ D, and a function f ∈ Hol(D)
without zeros such that
log
∣∣f(z)∣∣ ≤ Bu(z, r) + b+ log(1 + |z|)+ ε log 1
r
+


(
2ε− νu(D)
)
log
(
1 + |z|
)
for z ∈ D \D0,
νu(D) log
1
r
for z ∈ D0,
and for all r < min
{
dist (z,C \D), 1 + |z|
}
.
Теорема 7. If 0 < νu(D) < +∞, then, for any number ε ∈
(
0, ν(D)
)
and
a function d : D → (0,+∞) from Theorem 2, there are a constant b < n− 1
and a function f ∈ Hol(D) without zeros such that
log
∣∣f(z)∣∣ ≤ Bu(z, d(z))+b+ log(1+|z|)+ε log 1
d(z)
+
(
2ε−νu(D)
)
log
(
1+|z|
)
for all z ∈ D. So, for simply connected domain D we have b+ = 0.
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